Let U C(K) denote the Banach space of all bounded uniformly continuous functions on a hypergroup K. The main results of this article concern on the α-amenability of U C(K) and quotients and products of hypergroups. It is also shown that a Sturm-Liouville hypergroup with a positive index is α-amenable if and only if α = 1.
and a α-mean on UC(K) is unique if and only if α belongs to L 1 (K) ∩ L 2 (K). Furthermore, some results are obtained on the α-amenability of quotients and products of hypergroups. Given a SturmLiouville hypergroup K with a positive index, it is also shown that there exist non-zero point derivations on L 1 (K). Therefore, L 1 (K) is not weakly amenable, {α} (α = 1) is not a spectral set, and K is not α-amenable if α = 1. However, an example (consisting of a certain Bessel-Kingman hypergroup)
shows that in general K is not necessarily α-amenable if {α} is a spectral set.
This article is organized as follows: Section 2 collects pertinent concepts concerning on hypergroups.
Section 3 considers the α-amenability of UC(K). Section 4 contains the α-amenability of quotients and products of hypergroups, and Section 5 is considered on the question of α-amenability of SturmLiouville hypergroups.
Preliminaries
Let (K, ω, ∼) be a locally compact hypergroup, where ω : K × K → M 1 (K) defined by (x, y) → ω(x, y), and ∼: K → K defined by x →x, denote the convolution and involution on K, where M 1 (K) stands for all probability measures on K. K is called commutative if ω(x, y) = ω(y, x), for every x, y ∈ K.
Throughout the article K is a commutative hypergroup. Let C c (K), C 0 (K), and C b (K) be the spaces of all continuous functions, those which have compact support, vanishing at infinity, and bounded on K respectively; both C b (K) and C 0 (K) will be topologized by the uniform norm · ∞ . The space of complex regular Radon measures on K will be denoted by M(K), which coincides with the dual space of C 0 (K) [11, Riesz's Theorem (20.45) ]. The translation of f ∈ C c (K) at the point x ∈ K, T x f , is defined by T x f (y) = K f (t)dω(x, y)(t), for every y ∈ K. Being K commutative ensures the existence of a Haar measure on K which is unique up to a multiplicative constant [21] . Thus, according to the translation T , let m be the Haar measure on K, and let (L 1 (K), · 1 ) denote the usual Banach space of all integrable functions on K [12, 6.2] . For f, g ∈ L 1 (K) the convolution and involution are defined by f * g(x) := K f (y)Tỹg(x)dm(y) (m-a.e. on K) and f
Borel measurable complex-valued functions on K. The bounded multiplicative linear functionals on
where X b (K) is a locally compact Hausdorff space with the compact-open topology. X b (K) with its
are considered as the character spaces of K .
There exists a unique regular positive Borel measure π on K with the support S such that 3 α-Amenability of U C(K) Definition 3.1. Let K be a commutative hypergroup and α ∈ K. Let X be a subspace of L ∞ (K)
with α ∈ X which is closed under complex conjugation and is translation invariant. Then X is called α-amenable if there exists a m α ∈ X * with the following properties:
As shown in [7] , K is α-amenable if and only if either I(α) has a b.a.i. or K has the modified Reiter's condition of P 1 type in the character α. The latter is also equivalent to the α-left amenability of L 1 (K), if α is real-valued [2] . For instance, commutative hypergroups are amenable, and compact hypergroups are α-amenable for every character α.
If K is a locally compact group, then the amenability of K is equivalent to the amenability of diverse subalgebras of L ∞ (K), e.g. UC(K) the algebra of bounded uniformly continuous functions on K [17] . The same is true for hypergroups although UC(K) fails to be an algebra in general [20] . We now prove this fact in terms of α-amenability. The following theorem provides a further equivalent statement to the α-amenability of K. 
The latter shows that every α-mean on UC(K) extends on L ∞ (K). Plainly the restriction of any α-mean of K on UC(K) is a α-mean on UC(K). Therefore, the statement is valid.
The Banach space L ∞ (K) * with the Arens product defined as follows is a Banach algebra:
The Banach space UC(K) * with the restriction of the Arens product is a Banach algebra, and it can be identified with a closed right ideal of the Banach algebra L 1 (K) * * [14] .
, and x ∈ K, then m ′ · f ∈ UC(K) and we may have
and the point evaluation functionals in X * separate points of X, we have
Therefore, for every 1-mean m on X we have m(f ) = m(g * f ). Hence, two 1-means m and m ′ on
and g is assumed as above. The latter together with [20, Theorem 3.2] show a bijection between means on UC(K) and L ∞ (K). So, if UC(K) is amenable with a unique mean, then its extension on L ∞ (K) is also unique which implies that K is compact [13] , therefore the identity character is isolated in S, the support of the Plancherel measure. We have the following theorem in general:
{α} is isolated in S and m
, where π :
Proof: Let m uc α be the unique α-mean on UC(K), n ∈ UC(K) * and {n i } i be a net converging to n in the w * -topology. Let x ∈ K and f ∈ UC(K). Then
For λ i = n i , α = 0, since the associated functional to the character α on UC(K) * is multiplicative
The algebra L 1 (K) is a two-sided closed ideal in M(K) and the Fourier transform is injective, so
, and the restriction of m α on UC(K) yields the desired unique α-mean.
which implies that α = 1, hence K is compact.
Observe that in contrast to the case of locally compact groups, there exist noncompact hypergroups with unique α-means. For example, for little q-Legendre polynomial hypergroups, we have K \{1} ⊂ [8] . Therefore, by Theorem 3.4, UC(K) and K are α-amenable with the unique α-mean m α , whereas K has infinitely many 1-means [20] .
(as K is commutative) weak * -compact convex set in X * [20] . If α = 1 and X is α-amenable, then the same is true for Σ α (X). 
α-Amenability of Quotient Hypergroups
defines a hypergroup structure on K/H, which agrees with the double coset hypergroup K//H; see [12] . The properties and duals of subhypergroups and qoutient of commutative hypergroups have been intensively studied by M. Voit [23, 24] .
Theorem 4.1. Let H be a subgroup or a compact subhypergroup of K. Suppose p : K → K/H is the canonical projection, and p :
and only if K is γop-amenable.
Since H is amenable [20] , let m 1 be a mean on
The function f 1 is continuous, bounded, and since m 1 is a mean for H, we have
for all h ∈ H. Then according to the assumptions on H, [24, Lemma 1.5] implies that f 1 is constant on the cosets of H in K. We may write
We have
To show the converse, let m α be a α-mean on C b (K), and define
Theorem 2.5], and γop = α, we have
Therefore, M is the desired γ-mean on C b (K/H). 
Example: Let
where (ii) As in the case of locally compact groups [5] , we have
⊗ p denotes the projection tensor product of two Banach algebras. If K is α-amenable and H is β-amenable, then I(α) and I(β), the maximal ideals of L 1 (K) and L 1 (H) respectively, have b.a.i. [7] . Since
To prove the converse, suppose
We have 
α-Amenability of Sturm-Liouville Hypergroups
Suppose A : R 0 → R is continuous, positive, and continuously differentiable on R 0 \ {0}. Moreover,
for all x in a neighbourhood of 0, with γ 0 ≥ 0 such that SL1 one of the following additional conditions holds.
− β is nonnegative and decreasing on R 0 \ {0},
η is decreasing on R 0 \ {0}. The characters of (R 0 , A(x)dx) can be considered as solution ϕ λ of the differential equation
The function A is called Chébli-Trimèche if
, and λ ∈ R ρ := R 
where
for every x ∈ R 0 and all λ ∈ C . In the particular case λ := iρ, the equality (5) yields |ϕ 0 (x)| ≤ e −ρx , as ϕ iρ = 1.
Proposition 5.1. Let ϕ λ be as above. Then
for all x ≥ 0, λ ∈ C and n ∈ N.
Proof: For all λ ∈ C \ {0} and x > 0, applying the Lebesgue dominated convergence theorem [11] 
which implies that
To study the α-amenability of Sturm-Liouville hypergroups, we may require the following fact in
Observe that if the maximal ideal I(α) has an approximate identity, then D| I(α) = 0. 
is a well-defined bounded nonzero ϕ λ 0 -derivation. In that R 0 is amenable [20] , applying Lemma 5.2
will indicate that K is ϕ λ -amenable if and only if λ = iρ. We now study special cases of Sturm-Liouville hypergroups in more details. . The characters are given by
where J ν (x) is the Bessel function of order ν, and λ ∈ R 0 represents the characters. The dual space R 0 has also a hypergroup structure and the bidual space coincides with the hypergroup R 0 [3] . As shown in [26] , the L 1 -algebra of (R 0 , dx), the Bessel-Kingman hypergroup of order
, is amenable; as a result,
. It is a closed self adjoint subalgebra of L 1 (R n ) which is isometrically * -isomorphic to the hypergroup algebra
, where dm n (r) = Proof: (i) Let ν = 0 and α 0 λ ∈ K. Since K is commutative, K is (1-)amenable [20] .
we have
The latter shows that {e 
, and λ = 0. Since
, is a well-defined bounded nonzero α (ii) Jacobi hypergroup of noncompact type
The Jacobi hypergroup of noncompact type is a Chébli-Trimèche hypergroup with
where ρ = α + β + 1 and α ≥ β ≥ − , t ∈ R 0 and λ is the parameter of character ϕ which is bounded as x varies. Therefore, the mapping
, is a well-defined bounded nonzero ϕ λ -derivation on L 1 (R 0 , Adx). Applying Lemma 5.2 results that R 0 is 1-amenable only.
